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1. INTRODUCTION 
In this paper, we charactrerize the values of n for which Ki can be 
decomposed into d( 1, 3, c)‘s, in the cases c = 4, 5, and 6. The necessary 
conditions (1.1) and (1.2) of [2] take here the following form: 
If Ki+d(l,3,4) then n39 and either n is even or n=l,9, or 17 
(mod 24). 
If Ki+d(l, 3,5) then nb 11 and n=O, 1, or 2 (mod 5). 
If Ki+d(l,3,6) then na18 and n=O, 1, 2, 9, 10, 18, 20, 28, or 29 
(mod 36). 
We shall prove that those conditions are also sufficient except for n = 9, 
c = 4. 
THEOREM 1.1. Ki +d(l, 3,4) iff n> 10 and either n is even or n = 1, 9, 
or 17 (mod24). 
Proof: This result wil follow from Propositions 3.1 to 3.4. 
THEOREM 1.2. Ki+d(l,3,5) iffnBl1 andn=O, 1, or 2 (mod5). 
Proof This result will follow from Propositions 4.1 to 4.6. 
THEOREM 1.3. K;1+~I(l,3,6)iffn~18andn=O, 1,2,9, 10, 18,20,28, 
or 29 (mod 36). 
Proof: This result will follow from Propositions 5.1 to 5.7. However, we 
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2. Two NEW GENERAL RESULTS 
THEOREM 2.1. Zj”Ki,+, -+d(l, 3, c) then Ki,.+d(l, 3, c- 1). 
ProoJ Let X= Yu {x} with 1x1 = 2c + 1, ) YI = 2c. By the hypothesis, 
($) can be decomposed into d(l,3, c)‘s. By discarding those A( 1,3, c)‘s 
having x for center and by deleting in each of the remaining A( 1, 3, c)‘s the 
3-edge containing x, we are left with a decomposition of (:) into 
d(1, 3, c-l)%. 
THEOREM 2.2. If KZ+d(l,3,c) and n2 =0 (mod c) then 
K3 n+*-+4L3,C). 
We first need the following two lemmas, where we assume c 2 3. 
LEMMA 2.3. If n 2 2c + 1 and n* = 0 (mod c) then there exist three 
positive integers r, s, t such that r<n and (;)=r(c-l)+sc= 
(n - r)(c - 1) + tc. 
Proof of Lemma 2.3. Let us define r by the division (G) = ac- r, with 
l<r<c. Let s=a-r. Then (;)=r(c-l)+sc and ~21. From (‘;)= -r 
(mod c) and n* =0 (mod c) follows n = 2r (mod c). Hence 
(;) - (n - r)(c - 1) = 0 (mod c) and we define the integer t by 
(;) - (n - r)(c - 1) = tc. Then, t > 1 is easily checked. 
LEMMA 2.4. Let X be a set with 1x1 = n, n* = 0 (mod c), and n 2 2~ + 1. 
Let r, s, t be defined as in Lemma 2.3. Then, there exist x1 ,..., x, E X, EWE (;) 
with ldi<r and l<j<c-1, FOE with r+l<i<n and l<j<c-1, 
GjE(f) with 16i6s and 1 djdc, HUE with 1 <i<t and 1 <j<c, such 
that 
0) X= {x,,..., x,}, 
(ii) (f)= {Ej 1 1 diQr, l<jdc-l}u{G;I l<i<s, l<j<c}, 
(iii) (f)=(q)r+l<ibn, lQj<c-l)u(Hj) l<i<t, l<j<c), 
(iv) for every 1 < i< r, the sets (xi}, pi,..., Ei- 1 are pairwise disjoint, 
(v) for every r + 1 < i < n, the sets {xi>, Fi ,..., Fi,- 1 are pairwise dis- 
joint, 
(vi) for every 1 < i < s, the sets G; ,..., Gf are pairwise disjoint, 
(vii) for every 1 < id t, the sets Hi,..., Hi, are pairwise disjoint. 
Proof of Lemma 2.4. This is an immediate consequence of Baranyai’s 
Theorem 2 in [l], applied with the following matrix: 
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r-times n - r times s-times t-times 
11 .*.l 1 1 1 1 . . . Ko oyo 
2 c-l c-l...c-1 0 o...o c C”‘C 0 o...o . 
2 0 o..-0 c-l c-l . ..c-1 0 ()...o c c...c 
Proof of Theorem 2.2. Let X be a vertex-set with 1x1 = n, and 
x= {Xl,..., x,} as in Lemma 2.4. Let y and z be two extra vertices so that 
Y = { y } u {z} u X, with 1 YI = n + 2. By the hypothesis, (T) can be decom- 
posed into d( 1, 3, c)‘s. Hence, it remains to decompose (c)\(f) into 
d(1, 3, c)‘s. This is done as follows (with the notations of Lemma 2.4): 
for l<i<r, Ai={(.Y~Z9Xj}9 {Y}uE’~~~~~~ {Y}uEL,} 
for r+ 1 <i<n, Bi={(z~y~Xi}~ {z}uF~~...~ {z}u~~-,} 
for l<i<s, Ci= {(y}uG;,..., {y)uG;} 
for l<i<t, Di={{z}uHf ,..., {z)uHf.}. 
Indeed, each of the Ai, Bj, Ci, D;s is a d(1, 3, c) and together they form 
a decomposition of (r)\(f). 
3. APPLICATION TO THE CASE c= 4 
PROPOSITION 3.1. Kz cannot be decomposed into A(1, 3,4)‘s. 
Proof: If such a decomposition existed, Theorem 2.1 would imply that 
Ki + A( 1, 3, 3), which is impossible since 3 does not divide (i). 
PROPOSITION 3.2. K& -+ A( 1, 3, 4). 
ProoJ: Apply Theorem 2.1 to K:, + A( 1, 3, 5), which was proved in 
Section 5 of [Z], as an example of cyclic decomposition. 
PROPOSITION 3.3. For every euen n > 10, K;3 + A( 1, 3,4). 
Proof: By induction, using Theorem 2.2 and Proposition 3.2. 
PROPOSITION 3.4. c + A( 1, 3, 4)f or every n > 10 such that n = 1, 9, or 
17 (mod 24). 
Proof This follows from Proposition 3.3 above combined with 
Theorem 9.1 in [2]. 
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4. THE CASE c=5 
PROPOSITION 4.1. K:, -+ A( 1, 3, 5). 
Proof: Ths is proved in Section 5 of [2], as an example for cyclic 
decompositions. 
PROPOSITION 4.2. Ki5 + A( 1, 3, 5). 
Proof Let X= Zr3u {CX} u {p}, where CY and /? are two “infinite” 
values: Vx E Z,3, x+cr=a, and x+J?=/?. The required decomposition of 
(t) is obtained b y e 1 tt ing the addition group of ZL3 act on the seven follow- 
ing base A(1, 3;5)'s: 
D,=O, -6, -5 0, -2,4 0, -3,3 0, -4,2 0, 5, B 
D2=0,-5, 1 0, -1, 6 0, -2,5 o,-3,4 0, 3, B 
D,=O,-6,4 0, -2, 6 0,1,5 0, -5, -3 0,2,p D,=O,-3,2 0, -5, -1 0, -4, 5 0, 1,4 0,6, b’ (the brackets 
are D,=O,-5,5 0, -2,2 0, 394 0, l,a 0, - 1, B omitted) 
D,=O, -3, -2 0,2,3 0, -1, 1 0,4,cc 0, -4, P 
D,= a,O, 2 a, 396 ~1, -1,4 CI, -2,5 4 1, B. 
PROPOSITION 4.3. Kz,, -+ A( 1, 3, 5). 
Proof: Here we take A’= Z,, u { /?I, and the decomposition is generated 
by letting the addition group of Z,, act on the 12 following base 
A(1, 3, 5)'s: 
D,=O, -9, -8 0,2,9 
D,=O, -9, -3 0, -7,2 
D,=O,-3,7 0, -6, 9 
D,=O,-8,2 0, -1,7 
Ds=O,-5,3 0, -6,2 
D,=O,-8,5 0, -5, 8 
D7=0,-3,4 0, -4, 3 
D,=O,-6,6 0, -1,5 
D,=O,-4,2 0, -5, 1 
D,,=O, -5, -2 0, -1,3 
0, -3, 6 0, -4, 5 0, -5, 4 
0, - 8, 1 0, - 1, 9 0, -2, 8 
0, -5, 5 0, -6, 4 0, -7, 3 
0, -2,6 0, -3,5 0, -4,4 
0, -7, 1 0, - 3, 8 0, -8,4 
O,-7,4 O,-1,6 0,2,7 
0, -5, 2 0, -6, 1 0, -7, 7 
0, -2,4 0, -3,3 0,1,/I 
0, - 1,4 0, -2, 3 0, -3, /? 
0,2,4 0, -3, 1 0, 5, B 
D,,=O,4,5 0, -3, -2 0,2,3 0, -1, 1 0, -4, /I 
D,z =P, (32 Ps 177 P, 3, -9 B,4, -7 P, 5, -5. 
PROPOSITION 4.4. K&, + A( 1, 3, 5). 
Prooj The method is similar to the one used in Proposition 4.2. We 
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take X= Z,, u (a} u {/3} and the decomposition is generated by the 
following base A( 1, 3, 5)‘s: 
O,-1,lO O,-2,9 O,-3,8 O,-4,7 O,-5,6 
O,-6,5 O,-7,4 O,-8,3 O,-9,2 O,-10,l 
O,-1,9 O,-2,8 O,-3,7 O,-4,6 O,-5,5 
O,-6,4 O,-7,3 O,-8,2 O,-9,l 0, -2, 11 
O,-1,ll O,-2,lO O,-3,9 O,-4,8 O,-5,7 
O,-6,6 O,-7,5 O,-8,4 O,-9,3 O,-5,8 
O,-7,6 O,-8,5 O,-9,4 O,-1,8 O,-2,7 
O,-3,6 O,-4,5 O,-5,4 O,-6,3 O,-7,2 
0, -1, 7 0, -2, 6 0, -3, 5 0, -4,4 0, -5, 3 
0, -3, 10 0, -4, 9 0, -6, 7 0, -8, 1 0, -7, 8 
0, -1, 6 0, -2, 5 0, -3,4 0, -4, 3 0, -5, 2 
0, -6, 1 0, - 1, 5 0, -2,4 0, -3, 3 0, -4, 2 
0, -5, 9 0, 3, 4 0, -1,2 0, -2, 1 0, -7, 7 
o,-2,2 o,-6,8 o,-1,l o,-8,6 o,a,p 
0,6, 8 0, -7, 1 094, 5 0, - 1, 3 0, 7, Lx 
0, -5, 1 O,-1,4 O,-2,3 O,-3,2 0,7,fi 
0, l,a 2,4, a 3,6, a 5, 9, a 7, -11,a 
0, LP 294, s 336, P 5, 9, P 7, -1LB 
0, 6, a 179, a 2, 11, a 3, -10, a 4, -8, a 
(46, P L9,B 2, 11,/I 3, -lO,b 4, -8,/L 
PROPOSITION 4.5. If n = 0 or 1 (mod 5) and Ki + d(l,3,5), then 
Ki+,, +d(l, 3, 5). 
Proof. This follows from Proposition 4.2 combined with Theorem 11.1 
in [2]. 
PROPOSITION 4.6. If n =0 or 1 (mod 5) and Kz + d(1, 3, 5), then 
K:, , + 41,3,5). 
Proof. This follows from Theorem 9.1 in [2]. 
5. THE CASE c = 6 
Theorem 1.3 is an immediate consequence of the results stated in this 
section. 
PROPOSITION 5.1. K& + A( 1, 3, 6). 
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ProoJ: The method is the same as in Proposition 4.3. We take 
X= Z,, u (8) and the generating delta-systems as follows: 
0 1 4 o-4-1 0 2 5 0 -5 -2 0 -3 3 08b 
0 1 5 o-5-1 0 2 6 0 -6 -2 0 -44 0 7 b 
0 1 6 0 -6 -1 0 2 7 0 -7 -2 0 -8 8 05fl 
0 1 7 0 -7 -1 0 2 8 0 -8 -2 0 -6 6 0 3 p 
0 3 8 0 -8 -3 0 -4 5 0 -5 4 0 -77 Olj3 
0 -8 3 0 -3 8 0 -7 4 0 -4 7 0 -2 2 0 6 /3 
0 -7 8 0 -8 7 0 -3 4 0 -4 3 0 -55 02p 
0 -3 -2 0 2 3 0 -8 -7 0 7 8 O-11 0 4 p. 
PROPOSITION 5.2. If Kz + d(l,3,6) and n = 0 or 18 (mod 36), then 
K:+,-41,3,6). 
Proof: Apply Theorem 2.2. 
PROPOSITION 5.3. K:6 + A( 1, 3, 6). 
ProoJ: Same method as in Proposition 4.3, with X= Z,, u {a} and the 






0 -11 1 
O-10 1 
0 -9 1 
0 -8 1 
0 -7 1 
0 -6 12 
0 -5 1 
0 -4 1 
0 -3 1 
0 -2 1 
0 -1 1 





0 -11 11 
O-10 2 
0 -9 2 
0 -8 2 
0 -7 2 
0 -6 13 
0 -5 13 
0 -4 2 
0 -3 2 
0 -2 2 
0 -1 2 
O-10 9 
0 -10 13 
O-15 3 o-14 4 o-13 5 0 -1p 
o-14 3 o-13 4 0 -11 8 0 -2p 
o-13 1 0 -11 9 O-1010 0 38 
0 -11 10 0 -10 11 0 -9 12 0 4 fi 
0 -10 12 0 -9 13 0 -8 14 0 5 /I 
0 -9 3 0 -8 4 O-75 0 6p 
0 -8 3 0 -7 4 0 -6 16 0 7 fi 
0 -1 3 0 -6 15 0 -5 16 0 8 /I 
0 -6 14 0 -5 15 0 -4 16 0 9 p 
0 -514 0 -4 15 0 -3 16 0 10 B 
0 -414 0 -3 15 0 -2 16 0 11p 
0 -3 3 0 -2 4 0 -1 5 0 12B 
0 -2 3 0 -1 4 0 -7 1s 0 13 B 
0 -1 3 0 -8 13 0 -714 0 -14b 
0 -9 11 0 -8 12 0 -7 13 0 15b 
0 -910 0 -8 11 0 -712 0 16 #’ 
0 -9 14 0 -8 15 0 -7 16 0 17 B 
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for 1 <a< 11, 
Oa -6 Oa+l -5 Oa+2 -4 
Oa+3 -3 Oa+4 -2 Oa+5 -1 
and for 1~~66, 
Oa -12 Oa+l -11 0 a+2 -10 
Oa+3 -9 0 a+4 -8 0 a+5 -7. 
These generating delta-systems were obtained by using the diagram in 
Fig. 1. This diagram displays a set of 2-edges in Z,,\{O} which represents 
every orbit of Z35\(O} once and only once (see Sect. 5 of [2]). For exam- 
ple, the number 9 in the row indexed by - 8 denotes the 2-edge ( -8,9 1 
and the two other members of the orbit containing ( -8,9}, namely 
{8,17} and { -9, -17) d o not appear in the diagram. The generating 
delta-systems were constructed by using vertical segments of this diagram; 
the letters 6, c,... indicate vertical segments which are grouped together. 
PROPOSITION 5.4. K& +d(l, 3, 6). 
Proof We take X= Zd3u (a} u {a} as in Proposition 4.2. The 
generating delta-systems are listed below: for 1 < a < 15, 
Oa -6 Oa+l -5 Oa+2 -4 
Oa+3 -3 Oa+4 -2 0 a+5 
FIGURE 1 
-1; 
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Oa -12 Oa+l -11 0 a+2 -10 
Oa+3 -9 Oa+4 -8 0 a+5 -7; 
for 16a<3, 
Oa -18 Oa+l -17 0 a+2 -16 
0 a+3 -15 0 a+4 -14 0 a+5 -13; 
0 -21 1 
O-15 7 
0 -9 13 
O-20 1 
O-17 1 
0 -11 1 
0 -14 13 
0 -11 16 
0 -8 1 
0 -5 1 
a 0 4 
B 0 4 
a 0 10 









0 -13 14 
0 -10 17 
0 -7 2 
0 -4 2 
1 6 
; 16 
a 1 12 
B 1 12 
a 1 18 
P 1 18 
o-19 3 O-18 4 O-17 5 O-16 6 
O-13 9 0 -12 10 0 -11 11 0 -10 12 
0 -7 1.5 0 -6 16 0 -5 17 0 
0 -14 12 0 -13 13 0 -12 14 0 
O-15 3 O-14 4 O-13 5 0 
0 -9 3 O-8 4 o-7 5 0 
0 -12 15 0 -9 19 O-8 20 0 
0 -9 18 0 -8 19 o-7 20 0 
0 -6 18 0 -5 19 o-4 20 0 
0 -3 3 o-2 4 O-l 5 0 
a 28 a 3 10 a 5 13 a 
P 28 /? 3 10 /j 5 13 p 
a 2 14 a 3 16 a 4 18 a 
B 2 14 j 3 16 p 4 18 /i’ 
a 220 a 3 -21 a 4-19 a 















As in Proposition 5.3, those delta-systems were chosen by using the 
diagram displayed in Fig. 2. 
PROPOSITION 5.5. Zfn = 0, 1, 9, or 28 (mod 36) and Kz + d(1, 3, 6), then 
K3 .+,-41,3,6), K:+,,+W,3,6), and K;+45+d(l,3,6). 
Proof: Apply Theorem 9.1 in [2] for the first statement. Apply 
Theorem 11.1 in [a], combined with Propositions 5.3 and 5.4 for the last 
two statements. 
PROPOSITION 5.6. K& + A( 1, 3, 6). 
ProoJ: We take X= Z,, as vertex-set. Let A = ({x, x+ 1, x + 3) I 
xE2~8)u{{X,X+5,X+9}~XEZ~~)u{{X,X+7,X+13}~XE~**}.A 
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FIGURE 2 
can be decomposed into the followin d(l,3,6)‘s: {{2x, 2x + 1, 2x+ 3}, 
{2x, 2x-1, 2x+2}, {2x, 2x+5, 2x+9}, {2x, 2x-5, 2x+4), {2x, 
2x+7, 2x+ 13}, {2x, 2x-7, 2x+6}} with x=0, l,..., 13. Then, under the 
action of the addition group of Zz8, the delta-systems listed below generate 
a decomposition of (:)\A: 
0 14 1 o-13 2 0 -123 0 -11 4 
o-13 1 o-12 2 0 -11 3 O-10 4 
0 -8 7 0 -7 8 0 -69 0 -510 
0 -7 7 0 -6 8 0 -59 0 -4 10 
0 -6 7 0 -5 8 0 -49 0 -3 10 
0 -6 6 0 -5 7 0 -48 0 -3 9 
O-10 1 0 -9 2 0 -83 0 -7 4 
0 -7 1 0 -6 2 0 -53 0 -4 4 
0 -6 1 0 -5 2 0 -43 0 -3 4 
0 -1 1 0 -9 8 0 -89 0 -710 
0 -2 1 0 -8 8 0 -79 0 -610 
0 -9 7 0 -5 1 0 -42 0 -3 3 
0 -1 8 o-12 1 0 -11 2 O-10 3 
0 -1 7 o-11 1 0 -102 0 -9 3 
0 -3 1 0 -2 2 0 -13 0 -6 4 
0 -9 1 0 -8 2 0 -73 0 -3 7 
0 -9 9 0 -810 0 -41 0 -3 2 
0 -7 11 0 -6 12 0 -47 0 -3 8 
582a/41/1-IO 
O-10 5 O-9 6 
0 -9 5 O-8 6 
0 -4 11 0 -3 12 
0 -3 11 0 -2 12 
0 -2 11 0 -1 12 
0 -210 0 -1 11 
0 -6 5 O-5 6 
0 -3 5 O-2 6 
0 -2 5 O-l 6 
0 -6 11 0 -5 12 
0 -5 11 0 -4 12 
0 -2 4 o-1 5 
0 -9 4 O-8 5 
0 -8 4 o-7 5 
0 -5 5 O-4 6 
0 -2 8 o-1 9 
0 -2 3 o-1 4 
0 -2 9 0 -1 10. 
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FIGURE 3 
This decomposition was obtained by using the diagram in Figure 3 (the 





























PROPOSITION 5.7. K:, + A( 1, 3, 6). 
Proof: We take X=Z,,u {/I}, with the same method as in 
Proposition 4.3. The generating delta-systems contained in Z,, are chosen 
according to Fig. 4. The remaining generating delta-systems (i.e., those con- 
taining b) are listed below: 
o-9 1 O-8 2 0 -1 3 0 -14 18 0 -13 19 o-1 B 
O-8 1 o-7 2 0 -17 15 0 -16 16 0 -15 17 o-2 p 
B 03 fi 1 5 fi 2 7 p 4 10 /I 6 13 p 8 16 
B 09 B 111 B 213 /3 3 15 B 4 17 j 5 19 
/I 015 B 117 B 2 19 /I 3 21 /I 4 23 p 5 25 
p 021 b 123 b 225 /I 3-26 b 4 -24 B 5 -22. 
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